The standard eleven-dimensional supergravity action depends on a three-form gauge field and does not allow direct coupling to five-branes. Using previously developed methods, we construct a covariant eleven-dimensional supergravity action depending on a three-form and six-form gauge field in a duality-symmetric manner. This action is coupled to both the M-theory two-brane and five-brane, and corresponding equations of motion are obtained.
Introduction
Eleven-dimensional supergravity has recently returned to popularity because of Mtheory conjectures. The standard D=11 supergravity action is constructed using a graviton, gravitino and three-form gauge field A (3) [1] . Although it is easy to couple the standard D = 11 supergravity multiplet to supergravity solutions corresponding to "electric" 2-branes [2] , it is difficult to couple it to supergravity solutions corresponding to "magnetic" 5-branes [3] . But as the analysis of the effective worldvolume action of the M-theory five-brane has shown [4] [5] [6] [7] [8] , the M-five-brane is a dionic object which carries both an "electric" and a "magnetic" charge. Thus, for coupling the M-5-brane it is desirable to have a D = 11 supergravity action which would contain A (3) as well as a six-form gauge field A (6) whose field strength is the Hodge dual of the four-form field strength.
The importance of the six-form gauge field in eleven-dimensional supergravity was first recognized in [9] and [10] , and was later related in [11] to central charges in the M-theory superalgebra.
In [12] , actions for the bosonic sector of D = 11 supergravity with A (3) and A (6) and their coupling to a membrane and a five-brane have been studied in an approach where the duality relations are imposed as extra constraints at the level of equations of motion. This approach seems to be not completely satisfactory since any modification of these actions (such as self-coupling, coupling to other fields and sources, and quantum corrections) would require corresponding consistent modification of the duality constraints, which can be hard to guess if these constraints are not yielded by the action. For instance, the five-brane action produces a highly non-linear self-duality condition for a two-form worldvolume gauge field [13] [5] which reduces to one used in [12] only in the linear approximation.
The situation with coupling in D = 11 supergravity is similar to that of the fourdimensional Maxwell action which is easily coupled to electric sources but not magnetic sources [14] [15] [16] . The covariant coupling of Maxwell theory to electric and magnetic sources has recently been studied [17] [18] using two different approaches.
The first approach requires an infinite number of fields and generalizes the McClainWu-Yu-Wotzasek action for two-dimensional chiral bosons [19] [20] [21] [22] . The second approach was developed in [23] [24] and uses a harmonic-like variable (constructed of a scalar field derivative) to make manifestly covariant duality-symmetric actions [25] [26], a dual form of which was first studied by Zwanziger [15] in application to Maxwell theory. In D=4, both of these approaches introduce a second vector gauge field whose on-shell field strength is the dual to the original Maxwell field strength.
In this paper, these two approaches will be used to construct duality-symmetric actions for D = 11 supergravity which produce the duality relation between A (3) and A (6) as a consequence of their equations of motion. Then, by generalizing methods developed in [14] [16] [18] , we couple the supergravity action of the second approach to the membrane and the 5-brane of M-theory. We observe an interesting phenomenon of intertwining local D=11 and worldvolume symmetries which are responsible, respectively, for duality properties of D = 11 supergravity and self-duality properties of the M-5-brane. Upon solving for part of the duality constraints, one can reduce these actions to the standard CremmerJulia-Scherk D = 11 supergravity and obtain its consistent coupling to the M-branes, but cannot produce a version with the gauge field A (6) alone.
Section 2 reviews the standard D=11 supergravity action. Section 3 describes the
McClain-Wu-Yu-Wotzasek form of this action which then is truncated to a form containing a single auxiliary scalar field. This version of the theory is discussed in section 4 and, in section 5, it is coupled to the M-branes. Section 6 contains some concluding remarks and section 7 is an appendix which discusses supersymmetry transformations of A (6) .
2. Six-form gauge fields in D=11 supergravity
Review of D=11 supergravity
Our notation and conventions are close to [27] . We use the almost plus signature for the metric and underlined latin letters for the indices of D = 11 vectors. Not underlined latin indices will correspond to M-brane worldvolumes.
The standard eleven-dimensional supergravity action is [1] :
where e a m is a vielbein describing coupling to gravity, e = det e a m (letters from the beginning of the alphabet denote flat tangent space indices) and g mn = e a m e na is a D=11 metric;
is the field strength of the three-form gauge field, Ψ 
, and
where the antisymmetric product Γ (p) of p gamma-matrices dx m e a m Γ a satisfies the Hodge duality condition
This action is invariant under gauge transformations of A (3) (δA (3) = dφ (2) ) and under the supersymmetry transformations:
2)
is a supercovariant field strength in the sense that its supersymmetry variation does not contain derivatives of the supersymmetry parameter ǫ α (x) [1] .
It is easy to couple (2.1) to electric 2-branes by adding the term
where y parametrizes the three-dimensional worldvolume M 3 spanned by the 2-brane,
A(x(y)) is the pullback onto M 3 of the D = 11 gauge field form and µ E is the electric charge (or membrane tension).
However, as mentioned in the introduction, it is not straightforward to couple to 5-branes using the fields in (2.1)since minimal coupling of the M-5-brane is described by the
where y now parametrizes the six-dimensional worldvolume M 6 spanned by the 5-brane,
is the pullback onto M 6 of a D = 11 six-form gauge field whose field strength is dual to F (4) , and µ M is the magnetic charge (or five-brane tension).
Six-form gauge field
So one needs to find an action for D=11 supergravity containing a six-form gauge field whose field strength is dual to F (4) . The duality relation between A (6) and A (3) must be slightly more complicated than F (7) = * F (4) since the equation of motion for A (3) which follows from (2.1) is not d * F (4) = 0, but is instead
Since the equations of motion for A (3) should imply Bianchi identities for the dual fieldstrength, the appropriate duality condition for the field strength of A (6) is
As shown in the appendix, A (6) must transform as
in order for (2.4) to be preserved on-shell by spacetime-supersymmetry transformations.
It will be convenient to define in addition to (2.3) the supercovariant field strength
where (3) . Then the duality relation (2.4) takes the form
For later consideration, it is also convenient to introduce duality related "generalized" field strengths 8) which are zero when the duality relation (2.7) is satisfied.
An action which yields (2.7) as an equation of motion can be constructed using two methods. The first method will be discussed in the following section, and the second method will be described in section 4.
Duality-symmetric action with an infinite number of fields
One obvious way to obtain (2.7) as an equation of motion is to add the term
to the action of (2.1) where L
0 is an unconstrained four-form which acts as a Lagrange multiplier. However, the equation of motion from varying A (6) will imply that L (4) 0
describes a propagating field. To eliminate this undesired propagating field, one needs to add to the action the infinite sum
I+1 where L (4) I
for I = 0 to ∞ is an infinite set of four-form auxiliary fields. So the complete action is
As discussed in references [21] , [22] and [17] , variation of L
I+1 implies that L The condition that only a finite number of fields are non-vanishing can be understood as a discretized version of the asymptotic boundary condition L (4) (x) = 0 as x → ∞. [28] The supersymmetry transformations which leave (3.1) invariant are easily found to be δL (4)
Note that the variation of the gravitino field acquires an additional term containing L perhaps the closed superstring field theory action of [21] comes from dimensional reduction of some eleven-dimensional action similar to (3.1). Note, however, that this dimensional reduction can not be straightforward since the three-form gauge field of (2.1) reduces to both Ramond-Ramond and NS-NS gauge fields in ten dimensions.
We now turn to the second covariant approach to the description of duality-symmetric fields. As was shown in [24] , this formulation can be considered as a consistent covariant truncation of the infinite series of the auxiliary fields in (3.1) by putting all L I with I > 0 to zero and choosing L
where a(x) is a scalar auxiliary field which appears in the model in a nonpolynomial way. In some sense, what we have done is that we have hidden the infinite series into this nonpolynomiality. This leads to one of the forms of the D = 11 supergravity action to be considered in the next section.
Covariant duality-symmetric formulation with the a(x)-field

Actions for the dual gauge fields
As we have seen in the previous section, to construct a covariant D=11 supergravity action with both A (3) and A (6) fields, one should introduce auxiliary fields. In this section, we shall apply the covariant approach of [23] [24]where covariance is gained by the use of the single auxiliary scalar field a(x). It has been proven convenient to introduce a time-like "harmonic" unit vector
by means of which a(x) enters the action (though we could just as well use a space-like
For simplicity, in this and the next subsection we put the gravitino field to zero. This is reflected in the absence of 'tilde' over the field strengths (2.3), (2.6) and (2.8), which now do not contain C (4) and C (7) .
We present three equivalent forms of the action for the dual A (3) and A (6) field, which are obtained from each other by reordering corresponding terms, each of them being useful for different purposes:
The form (4.2) of the action is the most suitable for deriving the equations of motion of the gauge fields and a(x), and getting the duality relations (2.7).
The forms (4.2) and (4.3) are manifestly duality-symmetric with respect to F (7) and
a total derivative). It is convenient to consider a combination of (4.2) and (4.3) when checking local bosonic symmetries of the model which we present in the next subsection. This form is the most appropriate for verifying local supersymmetry of the complete D=11 supergravity action in the formulation considered.
Local bosonic symmetries of the action and equations of motion
The actions (4.2)-(4.4) are general coordinate invariant and possess the ordinary gauge symmetries The corresponding local transformations of the fields are
where For varying the action with respect to A (3) , A (6) and a(x), we should know the variations of the field strengths which are
Then a general variation of the action is 10) or in terms of differential forms (and up to a total derivative)
From (4.11) we get the equations of motion of A (3) and A (6) :
As usual in this sort of models [25] [26] [23] [24], these equations reduce to the duality conditions F (4) = 0 = F (7) (2.7) (with zero gravitino part) upon gauge fixing the symmetries under (4.6), and the equation of motion of a(x) is not independent but is a consequence of (4.12), which reflects its auxiliary nature [23] [24].
Substituting variations (4.5)-(4.7) into (4.11) one can easily check that they indeed form local symmetries of the action.
Using the ϕ (2) -transformations in (4.6), if we now gauge fix i v F (4) = 0 (but do not use the second equation in (4.12) containing i v F (7) , which is dynamical), and substitute this condition into (4.4) we get the standard Cremmer-Julia-Scherk action. This explains how duality-symmetric actions reduce to conventional ones [26] [23]. Note, however, that we cannot eliminate A (3) and get an action only in terms of A (6) , since A (3) enters the actions (4.2)-(4.4) directly (i.e. not only through its field strength as A (6) does). This is why a D = 11 supergravity action with A (6) alone has not been constructed [9] [10].
Complete duality-symmetric action for D=11 supergravity
To obtain the D=11 supergravity action in a duality-symmetric form with the scalar auxiliary field, we should replace the part of the Cremmer-Julia-Scherk action containing A (3) with one of the Lagrangians (4.2)-(4.4) appropriately modified due to the presence of the gravitino terms. Note that the inclusion of gravitino terms in the full action must respect the local bosonic symmetries (4.6) and (4.7). The appropriate action is
In (4.13),S A is one of the duality-symmetric actions (4.2), (4.3), where F (7) is replaced with
(4.14)
everywhere except in F (7) ∧ F (4) . IfS A is chosen in the form (4.4), then the coefficient in front of (C (7) + * C (4) ) in (4.13) acquires an additional factor 2 (i.e. is the same as in (2.1)).
From the action (4.13), one gets the duality relation (2.4) (or (2.7)) between (4.14) and
Local supersymmetry transformations under which the action (4.13) is invariant are:
The transformations of e a m and A (3) are the same as in the standard version while, for the gravitino, we have 
Using this duality property one can rewrite (4.16) in a duality-symmetric form
To check that the supergravity action (4.13) is indeed invariant under the supersymmetry transformations (4.15) and (4.16), it is convenient to use the form (4.4) of the dual gauge field action. Then all standard terms in the supersymmetry variation of (4.13)which do not containF (4) vanish, as was proved by Cremmer, Julia and Scherk [1] , while the variation terms which containF (4) have a structure similar to the standard terms with F (4) and, hence, cancel as well.
We should note that the tensor (4.17) is invariant under the gauge transformations but also a generator G of the local transformation (4.7) with a value of the parameter such that it cancels the general coordinate transformation when acting on a(x), the form of the anticommutator of supercharges being 1 The only known exception is a model of supersymmetric chiral bosons in d = 2 for which a standard superfield formulation was constructed [30] .
Coupling to the M-branes
The super-p-branes naturally couple to supergravity fields propagating in curved target superspace (i.e. to superfields), and the requirement of local kappa-symmetry of the super-p-branes puts these superfields on the mass shell. In other words, the classical super-p-branes propagate in a supergravity background which satisfies supergravity equations of motion without sources. Thus, coupling of the complete D=11 supergravity action to the super-M-brane worldvolume actions requires additional study. This problem does not arise in the bosonic case, and in what follows we shall consider coupling of the bosonic part of the duality-symmetric D = 11 supergravity action to the worldvolume actions of the membrane [31] and the five-brane [5] .
For this, we use an approach first proposed by Dirac [14] for describing electromagnetic interactions of monopoles (see [32] as a review), and further developed in [16] [18]. The
Dirac approach uses the fact that a charged object (a particle, a string etc.) couples locally (and often minimally) to the gauge field whose charge this object carries, and it couples (in general) nonlocally to the dual gauge field strength by means of a nonphysical Dirac string (or a p-brane) which stems from the charged object.
Applying this method to the membrane we can couple it to both the infinite field form and the nonpolynomial form of the duality-symmetric D = 11 supergravity action.
As to the five-brane, it carries a two-form gauge field with a self-dual field strength in its worldvolume, hence to construct an effective worldvolume action for the five-brane one should apply one of the approaches discussed above. So far, the covariant five-brane action has been constructed only in the a(x)-field form [5] . We will see that this allows one to almost straightforwardly couple the five-brane to the actions (4. In the following subsections we shall discuss features of "a(x)-field" coupling of D = 11 supergravity and the M-branes.
Membrane coupling
The worldvolume action for a membrane propagating in a curved D = 11 background and coupled to A (3) is [31] :
where
is an induced worldvolume metric and A (3) (x(y)) is the pullback of A (3) (x) onto M 3 (as in subsection 2.1). For simplicity, we have put the membrane tension to one.
We can extend (5.1) to an integral over D = 11 space-time by inserting a δ-function
with the support on
To couple the membrane action (5.1) to the duality-symmetric actions (4.2) -(4.4) we have to take care of the local symmetries (4.6), (4.7). These are preserved if the field strength
.4) (except for the Chern-Simons terms)
is extended toF
where G (4) is defined by the equation 6) where the integration is performed over a four-dimensional surface M 4 parametrized by z, whose boundary is the membrane worldvolume M 3 = ∂M 4 . This is the generalization of the Dirac string [14] to a Dirac three-brane stemmed from the membrane, by means of which the latter couples to the dual gauge field strength F
.
The complete action describing membrane coupling is therefore
whereŜ A is either (4.2)or (4.3) withF (7) (5.4) instead of F (7) everywhere except of the Chern-Simons term F (7) ∧ F (4) . IfŜ A is in the form (4.4), the minimal coupling term in
The equations of motion of A (3) and A (6) one gets from the variation of (5.7) reduce to the duality conditionŝ
whose Bianchi identities are the D = 11 gauge field equations with the membrane source
From varying the metric, one gets the Einstein equations: 10) where the energy-momentum tensor of A (3) and A (6) reduces to that of A (3) after taking into account the duality relation (5.8), and the last term on the right hand side of (5.10) is the membrane energy-momentum tensor
From varying the membrane coordinate, one gets the equation of motion of the membrane which is
mnpq .
As expected, we have derived the standard equations of motion for the bosonic fields of D = 11 supergravity with the membrane as a source.
Five-brane coupling
The worldvolume action for the M-theory five-brane propagating in a curved D = 11 background and coupled to A (3) and A (6) is [5] [6] [7] :
where g mn (y) is now the induced metric of the five-brane worldvolume M 6 ;
lmn (x(y)) (5.14)
is the field strength of the worldvolume gauge field B mn (y) which satisfies the generalized self-duality condition on the mass shell: [13] ,
where a(y) ≡ a(x(y)) is the pullback onto M 6 of the auxiliary scalar field a(x) which we used in section 4 to construct the covariant duality-symmetric D = 11 supergravity action.
In the 5-brane action, the field a(y) plays the same role [5] as in the D = 11 action. We should stress that a priori one could try to use an independent worldvolume scalar field to ensure the covariance of the five-brane action but, as we shall see below, it turns out crucial for the consistent coupling of this action to the duality-symmetric D = 11 action (4.2) -(4.4) that the auxiliary worldvolume field is the pullback of a(x).
The action (5.12) is manifestly invariant under general coordinate transformations of M 6 , and under the following local transformations which transform B (2) and a(y): 
From (4.6), (4.7) and (5.17), we see that D = 11 and M 6 local symmetries responsible for the duality properties of eleven-dimensional supergravity and of the M-five-brane are intrinsically related to each other.
The generalized non-linear self-duality condition on H (3) ,
is a consequence of the equation of motion of B (2) which follows from (5.12) (see [13] , [5] for details).
We can extend (5.12) to an integral over D = 11 space-time by inserting into it a δ-function closed 5-form
with the support on M 6 , J
the five-brane current minimally coupled to A (6) (x).
To couple the five-brane action (5.1) to the duality-symmetric actions (4.2) , (4.3) we have to take care not only of the local symmetries (4.6), (4.7), but also of (5.17). Then the action describing consistent coupling is
In (5.21),Ŝ A is either (4.2) or (4.3) where everywhere, except in the Chern-Simons term, F (4) and F (7) are replaced witĥ 22) and the seven-form G (7) (x) is defined by the equation 24) where the integration is performed over a seven-dimensional surface M 7 parametrized by z, whose boundary is the five-brane worldvolume M 6 = ∂M 7 . This is the generalization of the Dirac string [14] to a Dirac six-brane stemmed from the five-brane, by means of which the latter couples to the dual gauge field potentials F (4) and F (7) . F (4) andF (7) (5.22) everywhere except in the Chern-Simons term. This changes the form of five-brane coupling, and the action takes the form
We see that the term of (5.12) which described minimal coupling of the five-brane to
, and A (6) remains only inside ofF (4) . Now, imposing the gauge fixing condition i vF (4) = 0 (as in the free supergravity case of subsection 4.2) we can eliminate the term with A (6) from (5.28), and the remaining action describes consistent nonminimal coupling of the M-five-brane to the standard D=11 supergravity. Note that the coupling term A (3) ∧ dA (3) ∧ * G (7) of (5.28) is absent from a corresponding version proposed in [12] .
Finally, coupling to D=11 supergravity of both a membrane and a five-brane, with the membrane ending on the five-brane, is described by the combination of actions (5.7) and (5.21) (or (5.28)) to which (as in [12] ) one must add the membrane boundary term 
Conclusion
We have constructed a manifestly duality-symmetric formulation of D = 11 supergravity with the gauge fields A (3) and A (6) , coupled its bosonic sector to the two-brane and the five-brane of M-theory, obtained corresponding equations of motion of the system, and shown how the M-five-brane couples to Cremmer-Julia-Scherk supergravity. As further generalization, one can consider coupling of D = 11 supergravity to intersecting M-branes.
We have found that consistent coupling of the five-brane worldvolume effective action to the supergravity action requires local symmetries responsible for duality properties of the two actions to be related to each other through the same auxiliary field.
The action for D = 11 supergravity coupled to the M-branes might be useful for a development of results [36] [12] [37] in studying anomalies in M-theory.
Methods developed in this paper can possibly be applied to the study of coupling of a self-dual IIB D = 10 supergravity action [38] to D-branes and of their anomalies [39] and, in particular, the case of a self-dual D-3-brane [40] which admits a manifest duality- where i ǫ defines the contraction of the spinor supervielbein components of the superform with the supersymmetry parameter ǫ α . Hence, because of the constraints (7.1) and (7.2), the second term in (7.3) is absent from the supersymmetry variations ofF (4) andF (7) (this just implies that they are supercovariant). Using these properties and substituting superfield analogues of the transformations (2.2) and (2.5) into the right hand side of the supersymmetry variation of (7.2), one can convince oneself that they correctly reproduce the supersymmetry variation (7.3) of the left hand side of (7.2).
